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Abstract

The study focuses on the multi-parameter joint identification problem in the Neumann boundary
value problem for elliptic partial differential equations (PDEs). It specifically addresses the chal-
lenge of simultaneously identifying the diffusion matrix, source term, boundary conditions, and
physical states under conditions of insufficient accuracy in state measurement data. We establish a
variational framework that combines an energy functional with Tikhonov regularization and derive
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the Karush-Kuhn-Tucker (KKT) system. We also employ the finite element method for spatial dis-
cretization of the PDE and develop a Newton-type algorithm for numerical solution. Our algorithm
effectively identifies multiple parameters under different measurement data conditions, and the final
numerical examples validate the effectiveness of the method.

Keywords

Multi-Parameter Identification, Energy Functional, Tikhonov Regularization, Finite Element,
Newton-Type Algorithms

Copyright © 2026 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0

1. 518

{1853 77 F2(PDE) 2 B 1R il ) R & — A% 0 B B S ) R, G H b2 J8 I 2 et PR W0 0 e >k
SEAET R RIS PRI AR R[] X ZAEE T 5K Z 00 thERE R . B
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WXk Q AR M B S, Hi1<d<3, FHEBRQNZHHA R, @i fEu 1l
BRI 2, € P (Q) ) AW T8 IE AR AL ik 23 75 5 ) Neumann S48 i (1. 1), 37 B FE A JBEITF
WFSEAE g LRCIRZS u 0 [R5 531 i) R

{—V~(AVU)= f inQ,

(1.2)
AVU-fi=g on oQ,

ot A AE 00 LRURANEITE, (A, T,0)e My = Ay x Fag XGog < 3K A, Foy 1 Gy 495152 ST

Ay ={Aels (Q)lale] <A(x)é-£< gl veer], (1.2)
Fu=(Q)s Gy=L"(0Q),
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dxd SORPRAERRRISE S, SR M =(my)
LS, (Q) ., FRAEE bR AR L

(HH )y = 2

A

5 1
i = (Z Ml = ([l O, o
M LG, (Q) B O [H o (o) = max, o d"h

ﬁ%HW)%Hwﬁwﬁﬁﬁmemﬂﬁ¥,%()%H%D%*ﬁw% 8], BASt AT
R AL B

H; (Q)= {u c Hl(Q)J'aQyudx = 0}

DL R 2 52 £ 1) Hilbert =88] .
FIE 1L X TEA (A f,9)eHy » AEMERISIM UL QL), HAAELLT SRR T

ol =€ I 9 #1 D ) <o (I8 #1 ) @3)

st €= Cmax( Ll uyepn) )

LB Lax-Milgram 5115, XT84 (A f,9)eHy » Ve H (Q) i L%
[ AVU-Vvdx = (f,v)+(g, V) (1.4)

RFTA Ve H (Q), XBEIBHELF () B () MFRTE L (Q) F1 L (6Q) EMAR. Lv=u, 4%
Poincaré-Friedrichs 434 ;EQC_[ 2dx<_f |Vu| o 138 Pk 2% A u Q)_CI [Vul <C.[ AVU-Vudx , KT
UeH;(Q),Ae Ay KoL, BIAI{EH4E4(1.3).
B TR SRR REBIRE T U Ay > Hy (Q) , AR (A, £, ) e My BRI 3 1] 2(L.2)
TEIR U, =@ o N TET RS Neumann WO BE AR, FADSMEIEAT 1 HsrElL, (EHAELS B
BIE RN
ZIKEﬂjLE’JL il e REIRAE SRR U
DT —uAfgeH (Q), FHK—A(Af,9)eH,  EHOMA T, giE1e)X.
L/l\filtﬂ REAT 22 il o AR ANIE € I J 1) — MR WSO SRR [ 1 7], FRATVHE A8 FH P — fi /NS HIOR PRI R 2
(A", f',g")=arg min R(Af,g) (1.5)

(AT .g)el(of)

(o) ={(A f,0)e Hy Uy, =@}, JFH
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PR METME MR . RS (LE) I AT A VA | (@) de28, R HAE LY, (Q)x L (Q)x L* (9Q) X/
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(Af,9)eHy > Ti(Af Q)= . AV (o - é) V() 25 )dx,
2 EE A Y 1]
min  J7 (A f,9)+7R(A f,9) (1.6)

(A f.9)eHyg

FrO v — AR AN AR (A, €7, Q") A9 VR i AL B I UL o A 7T BT, AT =% R — 2L B i
(25).0 AT T 0 FEASCHY, D9 T IFMEARSRAF S0, Bl [ o ARHE [ i o FRATBEMR B 1 an[18] )
Sobolev ZS[a] H* (Q), H? (Q),W P (Q) £ fhr il & .
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3.1. &R

TETRA AN L, (Q)x L2 () x L2 (0Q) F LT, (Q)x L2 () x L* (0Q) Hh 4353l ek FH 315 #

12
JH 19 oo = (I oy Iy # Il

2
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F

"(H’I'S)”L‘;’ym(n) 2(QxL2(2) "H Jr"IHLZ(Q) +"S"Lz(é‘ﬂ)'

ERR, REBFOHET
U H,y < L5, (Q)x L (Q)x L (6Q) - H, (Q)
F=(Af,g)eH, >UT)=U

1E M,y LS Fréchet i, X FHAT=(A f,9)e M, FITEK oeHY(Q), HAET

A=(H,ls)e Ly, (Q)xL*(Q)xL*(6Q) L Fréchet S5t &, = (2):=u'(T)(4) &2
J-Q AVfl-V¢:IQHVUF-V¢)+(I,go)+<s,y(p> (2.2)

7E Hy (Q) Hh it — 551 o

1ES, 1, ?ﬂéﬁ]%l)\rﬁ%;%/c::{m esd|9sM§.§Sq—vgeRd}LM&ETC?&E’ P:Sy > K, W
(A=P.(A))-(B=P.(A))<OXFTHM AeS, Ml Be K WAL EAM, B &=(&, -, &) FI ¢ = (&, ¢y ) 2 R
HHEEM AR, RS (E0), ., €S ®R
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T, 75 R IR BR B B B 1R SN
w :={(pheC((_2)mHi(Q)|(phnePl(T)VT e’Th}, (2.2)
Horr B RoR I IR r (2 TR . 5SROI, BATE W T 45
SIE 21 W(Af,9)eH,  WEGIE

[ AVD" Vo =(f,0")+(g.70") (2.3)
ST o e UM AEEME—fif " e )" HLi 2SR At it
"q)h HY(Q) <Cu (” f ||L2(Q) +"g"|_2(eg))' (2.4)

W U Hy < L, (Q)x L2(Q)x L2 (0Q) > W', WA Ti=(A, T,9) e My, F1(2.3) M f# U = 0
PN R BB RIS T o XA FAEE S My, L2 Fréchet AN . X THAT=(A f,g)e M, M
A=(H.l,s) el (Q)xL*(Q)xL*(6Q), Fréchet F¥ &) =1 (1) BT ", HXF V" FIIFTH o" i 2 %50

IQ AVE) . Vo' = —IQ HVU'-Vo" +(I,¢)h)+(s,7/¢h). (2.5)
E AR [ 5 i) R A BR G 7 VE AR E R B [21], X TAEREEMI T=(A f,9) e My » HA TRIR
lim||e -], =0. (2.6)
h—0 HY(Q)

wn L (Q)-» {g)h eC(Q)le"; eR(T)VT e T“} J& Clément P15 f (B 57, T 2 LA M5

m||¢—n“¢ ey =0 FFT ke {01y 2.7)
[#-11"9], o, <CH"* [l 4T O<k<I<2, (2.8)

HrhC 5 h g T3k[22]. (Htt, FIFHBHET U" FREMEE T ", AT LASIN B B %
THAF9)=[ AV(UL,  —T1"2,)-V (UL, —TT"2,) (2.9)

ﬁ\:q:'(A, f,g)eHad o

B13 2.2 BRFAI(T,) = (A ,0,), © Ha BIGT L% (@) L (Q)xL2(6Q) i T = (A 1 ,g) -
WO TR >0, FEAI (Ul ) <" 76 H (Q) sl o

W (A, A AR SRR TR, SR L2, (Q) IR A . S5, Jm A
3(2.4), W RIFPRA A (Z/lrh )n TEA R 2 8 ) TR TG UAPHE — AR BRI T 80 (2], )n
Kerey, fEf(u )n fEHY(Q) szl @ . Hial(2.3) "l 1

[ AV(UL -1)-Vo" = (A=A VU V" +(T,-1,0")+(d,—9.79") (2.10)
MNTFA " e Mo =t -, H(1LE)FHE
Clea, -t

:1(9) gJ.Q(A_A'I)VUIEI 'V<Z/{1Dn -0"+@" —Z,{][])
+(fn - f,Z/lrhn —®h+®h —Z/II'J)

+<gn—g,y(upn —0"+0" —ur“)>
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BIEE 2.3 JEMEA Hy FRT L2, (Q)x P (Q)x L2 (0Q) £ HiE .
UEB: PREL 70 SR E G 2.2 15 . BERORIEM 7 2.
AT=(Af,9)eHy M A=(H,1s)ely, (Q)xL*(Q)x LZ(aQ)”%'éIJ
b aul |, au  aul " 075 (r),, 8J;(T), o7} (I)
U (1) = Py H+ - |+a sH T (T)(A)= A H+ p I+ o s.
A SR — AN TR A M B — T 4
h
J;'(F)(/i)='[QHV(Z/IF“—H'Z‘D_)-V(L{r“—H“ZD_)+2.[QAV[6(;/{F j-v(ur“—n*;b_)
au! ou!
+2jQAv(8f |]-v( ) )+2f AV( % ]-v(up—n;‘ﬁ)
aur . oau ol
:ZIQAV( 0 H+— 1 % )v(uﬁ-n*;{)_)ﬁQHv(uﬁ—n';b_)-v(ur“—n';ﬁ)
=2[ AV (2)-V (U -0 )+ [ HV (U —T1) )-v (U — 11} )
=2[ AVU (2)-V (U =T )+ [ HV (U -TT8 )-v (! =10 ),
Hrr,
M) =1 —[0f*(Lym) Ye " HvIT) =) . (2.12)
R4 (2.5), AT LAHENT H
TV (D) (4)==2[ HVU -V (U -TT) )+2(1L,u -] )
2(s,p(Up =TI )+ [ HV (0 - T3 )-v (4 - T 013

=—[ HVU VU + [ HVIT) -VIT),
w21 —ﬁ2§)+2<s,y(ur“ — )>

HFIH25)E L
TV (T)(44) = =2 WV v (2) 2L () +2(s. 724" (2))
=2f AV (2)-VUY (2) > up'(g)uzl( =0
HY(Q

Gt (L5) 13 T AEHE Hy BRTIHLE,, (Q)x L2 (Q)x L2 (0Q) &Ny, UEHE
BUAEBATIE AT/ E 2 4518 .
SEHE 2.4 TERE LA A
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(A‘frpgi)rgndd F,(Af.0)=7(Af.0)+7R(A f.q) (735”'“)

TEAEME— IR MURR . BESh, Ti=(A f,9) e H, & (P0") BIME— /MR, 24 HACY R

A(X) =P, [i(vuﬁ (x)@VU (x)-VIT" (x)@ViT" (x))j, (2.14)
f(@:%aﬁgxy¢¢u», (2.15)
g(@:%YﬁﬂJU—MH@) (2.16)

16 Q A LT AR S, Forh T AR (2.12) M T 2 A
WEWT: 4 (), = (A F1,0,), € Hog J9(BP) =MLY, B

lim Y5 (1) = inf Y2 (A T,G) . R PO (T,), TEAEHELY, ()L ()L (002) FALAT . 71

—AFFEAREFARC)M T =(A f,9) e, (Q)xL2(Q)xL*(oQ) , M3 T, 7E L, (Q)x L2 (Q)x *(6Q)
REISCT T B0, BT My 22 L (Q)x L2 (Q)x L (6Q) sty — /My T4, [Rile 2381,
EERET eH,y » MWHIH 23, J)HRIE M, LHGRI FFELN, FHiL
J; (T)<liminf 77(T,) H R(T) <liminf R (T, ).
uy
J3 (T)+nR(T) <liminf 77 (T, )+ liminf pR (T, ) <liminf (7} (T, )+ 7R (T, )
=limy2"(T',) = dnt 2" (A f,9)

WD R (PPN ) MR 1T F, RN, R AR . S35, TR
Ci=(A f,9)eM, =2 (B") MRS B TR T=(H 1 s)e M,y » Y27 (0)(T-T)20. MR
#ix{(2.13), 43

0<[ (H-A)VIT, -VIT} [ (H-A)VU VU +2p(H-AA)
+2(I - f.u —l:[;)_)+2p(| - f, f)+2<s—g,;/(urh —ﬁ25)>+2p(s—g,g>
= [ (H=A)(VIT} ®VIT) -V @ VU +2pA)
+2(I— f,uf —1I) +pf)+2<s—g,y(ulf'—ﬁ2§)+pg>

MTFAT =(H,1,s)e My ML BT, =(H, f,g), T,=(ALg)MT,=(A f,s) RN L& AEARIH
237 F(2.14)~(2.16). iEHE.

4. BUESEL
4.1, BEHREE

UG ETE 2.4 P L BIRARME RS, AR TR F S, 55 2 1 h M ER B, B ARERAL
F (A fo00) BTV FELF) (A, f,,00)[Dots] T BAZER

Fﬂ'(/\w fh,g:])[D,t,s] Z(DVZ;,h:VZ;,h)Lz(Q)d —(DVULVUﬁ)Lz(Q)d +2*(t,u:] -1z, +’7fh)Lz(Q)

+2==<<s,u,'1 -z}, +’79'|1>L2(ag +2%17(D, A ) zqpe Y (Dits) € H,,

)
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Hoduy i 2 R TR
(Ath'h,vVh)L( o ~(f¥h)iza <gh Vi), fey =0T Ve I =1 L (3.1)
B R AR 2 A
A, (x) =Py (-%(wgh ®Vz}, —Vu, ®Vuy )j (3.2)

£ Q LA Ab AL
B2, BT B E Rt RGN

(Ahvurll'vvh)l_z(g)d _( fh’vh)Lz(Q) _<gr|th>Lz(m) =0,vv, eV, 1=1---,L,
((Dh _Al)vzlé',h'vzzl)‘,h)l_z(ﬂ)d _((Dh —Ah)Vu:],Vu;) 12(0)° +2*(th - fhvurlw _Z:s,h +77fh) 2

+2*77(A1’Dh_Ah)|_2(Q)dvd+2*<Sh_gr|1’ul!1 ah+779h> >OV(D ty,8y) € M-

L@

AT IS, — AR SRR (U, £, A) AT (0, T, A) . ST LB R AR LA

NITRERSEEL
(Avu, Vvh) . +(AVT Vvh) 2y (f_,vh)Lz(Q)
(AhVu:,” Vvh) @ (fh ,vh)LZ(Q),VVh eV,,I=1---L,
2*77(A, Dh)LZ(Q)dd —2*(DhVUI'VuL,n)LZ( ’ +2*(th,Ul) 2 +2*77(th, f_) ) (3.3)
=(Dth{'s,h,Vz(';,h)LZ(Q)d —(DhVu:;”,Vu}';”)Lz( o +2*(t upt—z5 +nf) ) Ce)
+2*77(Ah”,Dh)L2(Q)M V(D ty) € A x Bl =1 L.
WERGGI)MMICH (T, T, A, ), P I=1 Lo N RGEI)BE AR, A BT

I,n+1
uh

2 2

AT, FHE A E’J#%?E@E’JEIEHQ’J%) EUE(3 )RS T o PR, FRATTAS AR s AR B
TR MB.2) i, TIARATZE R P« EEHE, BB IINE K E X% T M
5Ff9ﬁﬁ/£, HATVENEE 1 IHHEE, 127:7/35‘E’J!:{J\I%ﬁﬁﬁgjiﬁ#*/\*%%%ﬁ%éﬁ, AFREEE
CPRTUE R, RS A . 56 4TI IR AR ARNHR
- |u:1n+1_uh , ||fhln+l_fhl,n2 A:Hl_ATZ’I:L.“lL
| || fhl,n+l A:Hl

FeRI2 8 MR ZEE ¢ LT, B0 o s AR RS I 1l 24

RPN, AR SR AE R A R A7 ORI AR S I N USSR H TR . IE A 28 np B 300 T SRAS = i
HEGRECHE, R VRESEN ENASEO N A EEER A RGP AIEREN, FATRA 7 — ik
T ERBE SR, IXAEVFZ N AR T R [23]. BRI E, WOE pe(01), RFERMBAHTE 1, £
No=mo*p" > VILEENH n, , WEEMRLEH, B

(Avmji)gmd F’]n—l (A' f'g) = ZIL:JQ Av(uk!jf,g h Z;).v(ukhﬁg ~Z )dX+7]("A Eim(Q) +” f "iz(g) +"g"i2(m))}

XK R R R PR RS B, AR TR EA T R PR IS S o B 2 IR A S EOR 8 I
22 JR N H 5€ 9 [24] [25].
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B L BEAEE

1 NI (A°, £°,0°) BB 7 .

2:for n=0,1,2,--- do

3 RMFWRS(3.3) KA w0 A R T, LA .
4 UL £ ANl

oyt —gt, M=o, A=A AN, 1=l L
5. K AV E] A

6: R A AL U
7. end for

B, R EPIAEN . T A AR AR EHA A PR R S DL R B B A R B S 1 4 4]
GRS, AR B A AR T ORI, BRI, A 1 BUHRAERE ARG XA i HEL
AR PSR T ik

T AESKBRR R, TN R A RO R, TR AT A 2 22 )5 (2 25 SCHR([26], Rule 2.1)), 1% )5
DA A 00 B K st mT LA SRAG: S 2% 1) LE U Ak S H80R S 45 2R

4.2. HUEHEWY

AR R 4B e, DL R SR ks ME A AR . BT SEBR I TE AN N 2B i AR i A
FreeFem++ [27]HE/T . FT5 RS X4  BUN (-11)x(=1,1) o fEH—A (N +1)x(N +1) 505 T M A%, H
N =20, MR/ h=2/N o T S (A f,g) B 2! RIS LE SR o bR A (7" ) det
SN o R TR 2l R AR 2 BEAT IR AL, BD 2 (x) = 2! (%) (1+ 08 (x)) » Ferh &£ 2 [-1,1]
ERIES AT, 6> 0 FoRAHN A KT FERUE SR, (B Galerkin G&EiE, HIREV, (T)&H4 P,
AMRTCEm, i X, (T)E&FEA P AR . BESREN, XAk 8 E N TR A R i%. X5
5 R FA XA AR A1 2 1 AR S R A BI T, B BT AN A Neumann 34 57 214
(9.9%.9%9%0°) = (X 3. % — %, X, ~0.15, X +%,,%, ) » M AT (FLIEHN A (i, ] =1.2) PRIRHEH
T ARG . MRS R AR IESIAE R 1. N P ST #Ua s, BATERWE n, =1, JHE
BUGERFHE R D — AT p=0.6 . FENTHEE A ST ER AT OB AR 2

A_ AT
e=—"A A "2 Kt .

41,

Table 1. The test cases for the conductivity tensor and source term

= 1. ESKEFFETAVINNIE R

1 Ay A, A f

1 2+sin(nx ) *sin(nx, ) 0.5#sin(2mx, ) 2+ %2+ %2 X, + X,

2 2+ x|+, % % X,| 2+ sin(mx, ) *sin(mx, )| X, + X,

3 1+1* xg 1* xs, 2+41* g, —0.5+2* g,

1~3 R VRS SR TR X T RS R A e A A Y kR, DR MR . XL
FIE M Rt BMEAEAESEE O N, FARA R A . Sebr b, 18 1-3 MR R IRATI SRR
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Figure 1. The reconstructions for the conductivity tensor and source term for Example 1: (a)~(d), (e)~(h), (i)~(1) and (m)~(p)
referto A,, A, A, and f, respectively. (a), (e), (i) and (m) are for exact conductivity and source term; (b), (f), (j) and

(n) for reconstruction with exact data; (c), (g), (k) and (o) for noisy data with 6 =0.1% ; and (d), (h), (I) and (p) for the cross
section along {x, =0}
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Figure 2. The reconstructions for the conductivity tensor and source term for Example 2: (a)~(d), (€)~(h), (i)~() and (m)~(p) refer
to A,, A,, A, and f, respectively. (a), (e), (i) and (m) are for exact conductivity and source term; (b), (f), (j) and (n) for

reconstruction with exact data; (c), (g), (k) and (o) for noisy data with ¢ =0.1% ; and (d)
{ X, = 0}
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Figure 3. The reconstructions for the conductivity tensor and source term for Example 3: (a)~(d), (e)~(h), (i)~(l) and (m)~(p) refer to
A, A,, A, and f respectively. (a), (e), (i) and (m) are for exact conductivity and source term; (b), (f), (j) and (n) for reconstruction

with exact data; (c), (g), (k) and (o) for noisy data with & =0.1% ; and (d), (h), (I) and (p) for the cross section along {x, =0}
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Figure 4. The convergence of the algorithm for Example 3 with noisy data. (a) represents the relative error in identifying the
conductivity tensor A ; (b) represents the residual error in identifying the conductivity tensor A ; and (c) represents the rela-
tive error of the source term
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