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Abstract

The central limit theorem is the theoretical foundation of statistical inference. The convergence rate
of this theorem is not fixed and is closely related to the overall distribution pattern. This study
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selected four types of population distributions, namely uniform distribution, exponential distribu-
tion, logarithmic normal distribution, and bimodal mixed normal distribution, as the research objects.
With the help of Monte Carlo random simulation, large-scale repeated experiments were conducted
on the sampling distribution of the standardized sample mean under multiple sample size condi-
tions. The study used various diagnostic tools such as the Shapiro-Wilk test, excess kurtosis, and Q-
Q plot to systematically evaluate the convergence speed of each distribution towards the standard
normal. Research shows that uniform distribution converges the fastest. Although the bimodal mixed
normal distribution has an abnormal shape, its convergence speed is better than the right skewed
exponential distribution. The logarithmic normal distribution shows an abnormal increase in skew-
ness and kurtosis in the sample size range of 2 to 10, indicating the existence of non monotonic
characteristics in the CLT convergence process. The above findings present differences in the con-
vergence speed of CLT under different population distributions, providing a reference for sample
size selection in large sample statistical inference.
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Table 1. Summary of theoretical characteristics of each population distribution
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Table 2. Shapiro Wilk test rejection rate (%) for different sample sizes in various distributions
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Table 3. Skewness and excess kurtosis of standardized means under different sample sizes for each distribution
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5 0.026/—0.256 0.809/0.804 2.850/7.910 —0.056/1.740
10 0.029/-0.085 0.663/0.667 3.950/12.670 0.055/0.682
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30 —0.024/-0.026 0.343/0.092 1.000/1.880 0.029/0.012
50 —0.025/0.038 0.313/0.197 0.760/1.820 0.017/0.030
100 0.015/0.002 0.201/-0.037 0.616/1.590 0.010/-0.057
200 —0.038/-0.050 0.109/-0.073 0.550/0.700 0.046/-0.114

e BB “ WA .

DOI: 10.12677/sa.2026.159201 6 it 58N


https://doi.org/10.12677/sa.2026.159201

R

S5 R 51 o0 A (W P 5 G A BEAE Fr A FEA R T HE T 0, db—BIGIE 7 H PRI SRtk . 48
B3 A (0 EE M n = 2 15 () 1.520 B8 2 n = 200 B (1) 0.109, RIS 5 M 3.830 Bk %% —-0.073, HAE
n =30 i FEAIE R U 2 0.092, (HAWETI N 0.343, FHAM 2 RE AR ICSE B i E R AR K. i
XTEUER 3 A W EEE n =2 2 n=10 XA A\ 3.060 2 b7+ %2 3.950, #E#IEEEM 11.340 A% 12.670.
IXRIATE RS /A T, O AR R e BRI UGS FE A B M, 24 n = 200 I 5 A4 A oK
BRI 0. XUIEIR & IEAS A0 W GG 435 T 0, A M n=2 I ) 2.470 BRI R F&3) n =30 I 1
0.012, MJSMEAE O FHLIkzh. SR, FEAHFIREAS S T XWIEIR A IEZS 704 (1) Shapiro-Wilk K36 (FE 415 N
74%, XS WET Shapiro-Wilk 6565 73 A7 2 1 USRI 8 T 5 0 P 4R b

3.3. Q-Q FIEM sy

Q-Q BUKFEA % 5 S IES M HGHAT X b, #5508k B IES G, W& s b KEEE S5 H
Ly=xb. ATH—LRRNUFSAERNFEAE T W IESELMFEE, RPFARE Q-Q Bl 95%
Bootstrap (57, HIFEIWT: WEANFEAERE TR 5000 MrdEbIE 2 , 78 99 MEER PN S L
THEREAR A4, 83d 500 ¥k Bootstrap FRALAL TH& A A 8 BE XA, BEW A BINES %L,
FUNZFE AR T AR AR SRR B IR TR PT 52 o B 7022 1 DU Fh 3 A EFE A B n = 2,10,30,100
1 Q-Q K, HvlAaXE NEGEW, AAaRENSHL, WE 1L

11 Q-Q EEIL T WUFh /A fEA FIFEA & T IS R, ARz M £ 3. B5nmk
Wi AR, 16 n=2 W/ MEAR T Q-Q Bl B4 BA — & %% Humbs A9 ik, HBACASKSH
2, REBCKEMELN: £n=10 B EEHHRWCE, ERNEMTSHLHM . 155 E A =11
KREGEWILTPH N %L, 5SFBLEEES, W R A0 GRS SR

Q-Q B (#95% BootstrapE ST ) : LA ESIREES SN

10 30 100

r)repowig

N R o kN
P

[ ST N

rooo 5 N N -
iy N \

\ \
o \ A
o- \\ \ N
= \
\

N \ \ \

(1=0"‘¢

LEZ N

(T‘0)NBO7

NAN N
NN

(T'0)woun

NN

T T T T T
-1 0 1 2

2 1 0 1 2 }
BLIERSH I

N}

Figure 1. Q-Q plots of standardized means under four representative sample sizes n=2,10,30,100
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Figure 2. Convergence path of excess kurtosis absolute value with sample size n
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Table 4. Comprehensive comparison of convergence speed of various distributions

=4 BENMEHIRE LA R

W S AR gxin Bt S UFAISE
1 () B2y A 7
2 WU IEZS 43 A U2 H
3 TR A Fi i s
4 (e 1%) X HOERS 73 A Wi + HRE

(1) Bz sEm K T IRA R . WA BIEAS R, AR ETERA XN, B DO R i S0E
FEPRTHR 80 A, XRMAAE CLT Wk, i B2 Bk i)l 294E F B 0 A (R T 38 S i SE L B2

(2) CLT WSIAFAE AR S 1t o RPEOIEZS 23 A7 4 i 5 S5 B A FEAE n = 2 28 n =10 X (AN T, R I
TINBE A 25 5 A J 2 B 3 1E &SI L

(3) #BHS L n>30 SENENIFEAE S BT A0 35 0 A BUR/NEE AR 2= BRI A] | F8 5001
PR AR SN A0 KT 1000 X EGES A MAEARA BRI 200 T3 . X R HAAEAELE R iR MEARE
BRAE, TE S BRI o AR S AR 2 AT PR S 5 06 P AR AAE SR 3 4 7

(4) ZARARER G IS 00 BV . XL Sy AT AR A B2 7E n = 30 B 4% 0, 7E4UE F i ek IER,
{2 Shapiro 56 15 26 5 A sk 74%, X — R I UEBLEVEAY CLT YKSIRR R, AN B AR AT o] B — 12 Wi 4 A,
TG ISR . WM. HEEE S Q-Q BT Z 412,

4, LEip

AT SR RVE I, X E IS AL SR B A R BOIE A A A R A IR RS A E CLT
TSGR L, R BT 250 70 A WSOE FE KT R & IR A K T80 A K T 0 BOEAS 0Ai s
LIS R T IR 5, AT BURAR 5 WA FR, WSt T4 s (R 48 2000 A s o B IE 25 73 A 19
fii BE M FELE n =2 2 n =10 XAV RTE, BB RREA R A — AT GEIE L n>30 REA L
W&, N AR TGS R, AR S B R P Ar s R 3 A R O B W EE AR D TR o
P T 0 HBAUE AT 1 W FEAR IR n > 5 Bl /15 R 4P IO IEZRS I L im0 {5 AE 0.5 2 1.5
18] HAUE AT 3 I A B BN AR T 50, #ERTHE] n =100 WIFSE ML £ 2 B8 %)
A 2 s AE L 52 T 3 WL n =200 AT REVI AN AL BLORIIE AT SEAIEAL, D056 25 R8 Kt A2 4 5
AESHE; WL T 0 (A7) A 2 BN g B 2 A A R AR I UL n > 100 , JFER A 2 A2 T A
BE

DOI: 10.12677/sa.2026.159201 9 it 58N


https://doi.org/10.12677/sa.2026.159201

R

SE

(1]
(2]
(3]
(4]

(5]

(6]

[7]
(8]
(9]

[10]

[11]

giRER, R, WERRE. MRS S HR G BAEIM]. 56 2 R st mSEHCE AL, 2011

Serfling, R.J. (2009) Approximation Theorems of Mathematical Statistics. John Wiley & Sons.

VL, FO AR BR B B SRR P BT [3]. ST 8UE, 2007(2): 6-7.

RER, FOCT. FEHUBH SR AR B e b IR HI[I]. G IR R 2244 (H AR B2 R), 2008, 14(1):
101-104.

B, 2RISR, i, BEPLERASE 22 B B BRI E A vF B A O AR BR B BEAT Berry-Esseen FL[J/OL]. £
e (H 3ChR), 1-15. https://link.cnki.net/urlid/11.2038.01.20260330.1510.012, 2026-07-24.

Kolokoltsov, V., Lin, F. and Mijatovi¢, A. (2021) Monte Carlo Estimation of the Solution of Fractional Partial Differen-
tial Equations. Fractional Calculus and Applied Analysis, 24, 278-306. https://doi.org/10.1515/fca-2021-0012

Robert, C.P., Casella, G. and Casella, G. (2004) Monte Carlo Statistical Methods. Springer.

ko AE, REFRIEG TR E R E I RE—— T R X SRR ], FES T, 2017(5): 65-67.

Rlg, WHUE. R SRR G R 2 (1 N ——H O AR IR B BERE AR TIL[I]. fR 1L 22B 240, 2022, 41(5):
69-76.

B, TR, 0%, KL AR e BRI P B S v 07 SIS BT R D). L TR AR,
2009, 24(11): 127-133.

Magsalay, R.J.M. (2025) Quantifying Central Limit Theorem Convergence: A Monte Carlo Simulation Approach to
Minimum Sample Size. International Journal of Research and Innovation in Social Science, 9, 639-644.
https://doi.org/10.47772/ijriss.2025.908000050

DOI: 10.12677/5a.2026.159201 10 Gtz 55


https://doi.org/10.12677/sa.2026.159201
https://link.cnki.net/urlid/11.2038.O1.20260330.1510.012
https://doi.org/10.1515/fca-2021-0012
https://doi.org/10.47772/ijriss.2025.908000050

	基于蒙特卡洛模拟的CLT正态近似收敛速度量化研究
	摘  要
	关键词
	Quantitative Study on the Convergence Rate of CLT Normal Approximation Based on Monte Carlo Simulation
	Abstract
	Keywords
	1. 引言
	2. 模拟设计
	2.1. 总体分布选择
	2.1.1. 均匀分布
	2.1.2. 指数分布
	2.1.3. 对数正态分布
	2.1.4. 双峰混合正态分布

	2.2. 样本量与模拟次数设定
	2.3. 模拟流程
	2.4. 收敛速度的量化指标体系
	2.4.1. Shapiro-Wilk正态性检验
	2.4.2. 偏度系数
	2.4.3. 超额峰度
	2.4.4. Kolmogorov-Smirnov检验


	3. 模拟结果
	3.1. Shapiro-Wilk正态性检验结果
	3.2. 偏度与超额峰度分析
	3.3. Q-Q图直观诊断
	3.4. 超额峰度收敛路径
	3.5. 收敛速度综合比较

	4. 结论
	参考文献

